Abstract. We give an algebraic construction of the moduli space of irregular singular connections of generic ramified type on a smooth projective curve. We prove that the moduli space is smooth and give its dimension. Under the assumption that the exponent of ramified type is generic, we give an algebraic symplectic form on the moduli space.
Introduction
Moduli space of irregular singular connections are expected to be obtained as a canonical degeneration of the moduli spaces of regular singular connections. Indeed it is a well-known classical result by R. Fuchs that Painlevé VI equations can be obtained as the isomonodromic deformation of rank two regular singular connections on P 1 with four poles and other types of Painlevé equations are known to be obtained as generalized isomonodromic deformations of rank two connections on P 1 with irregular singularities. The space of initial conditions of Painlevé equations are constructed by K. Okamoto in [14] for all types whose compactifications are classified by H. Sakai in [16] and these spaces are related to one another by canonical degenerations. K. Iwasaki, M.-H. Saito and the author constructed in [11] , [12] and [10] the moduli space of regular singular parabolic connections on smooth projective curves and recovered the space of initial conditions of Painlevé VI equations constructed by K. Okamoto as a special case. We can obtain the geometric Painlevé property of the isomonodromic deformation on the moduli spaces in general and then we can say that the constructed moduli space is the space of initial conditions of the isomonodromic deformation. Here see [10] , Definition 2.4 for the definition of the geometric Painlevé property. The author's hope is to extend this procedure to good moduli spaces of irregular singular connections. Notice that we cannot assume that the underlying vector bundle is trivial, when the base curve is P 1 and the degree of the underlying bundle is zero, for the purpose of obtaining the geometric Painlevé property.
In [2] , O. Biquard and P. Boalch gave an analytic construction of the moduli space of irregular singular connections whose leading term at each singular point is semi-simple without the assumption of the triviality of the underlying bundle. A typical case of semi-simple leading term is a generic unramified connection. M.-H. Saito and the author gave in [13] an algebraic construction of the moduli space of unramified irregular singular connections on a smooth projective curve and they do not assume that the underlying bundle is trivial even if the base curve is P 1 and the degree of the bundle is zero. Here notice that usual ramified connections do not have semi-simple leading term at each ramified point.
Compared with unramified case, the algebraic construction of the moduli space of irregular singular connections of ramified type seems to be difficult. P. Boalch gave in [3] an algebraic construction of the moduli space of irregular singular connections on P 1 . In fact he constructed the moduli space of irregular singular connections with generic generalized eigenvalues which is locally framed at singular points and called it the extended moduli space. He gave in [3] a definition of the moduli space of irregular singular connections without local framing, which is obtained as a symplectic reduction of the extended moduli space. He gave in [4] an explicit description of the relations between two moduli spaces. In [8] , C. L. Bremer and D. S. Sage generalized the result [3] by P. Boalch to ramified connections and gave an algebraic construction of the moduli space of irregular singular connections on P 1 which is locally framed with the formal type admitting ramified type. The definition of the moduli space without local framing was also given in [8] . K. Hiroe and D. Yamakawa gave in [9] a clear summary of the construction of the moduli space as a symplectic reduction of the extended moduli space. Here we remark that in all these results, the underlying vector bundles on P 1 are assumed to be trivial. For the character variety side, the moduli spaces were constructed in [4] , [5] , [6] , [7] and [15] , which are expected to be related with appropriate moduli spaces of irregular singular connections via the generalized Riemann-Hilbert correspondence.
The difficulty of the construction of the moduli space of irregular singular connections seems to be in the control of the formal data of the irregular singular connections. Indeed the automorphisms of a formal connection effect on the global automorphisms of the underlying bundle and this effect makes it hard to construct the global moduli space. Boalch's idea is to conquer this difficulty by considering local framing and he defined the extended moduli space. The moduli space of irregular singular connections on P 1 without local framing is obtained as a symplectic reduction of the extended moduli space but here the underlying bundles are assumed to be trivial.
In this paper, we construct a moduli space of ramified connections on a smooth projective curve whose generalized eigenvalues are generic in ramified types. A typical one is the moduli space of pairs (E, ∇ E ) of an algebraic vector bundle E on a smooth projective curve and a connection ∇ E on E such that the leading coefficients of the generalized eigenvalues of ∇ E at each unramified point are mutually distinct and that the formalization of ∇ E at each ramified point is isomorphic to
r ⊗ dz z m , where z is a uniformizing parameter of the base curve at the ramified point, w → w r = z is a ramified covering and ν = mr−r l=0 c l w l dw w mr−r+1 is generic, especially c 1 = 0. We want to give the moduli space which is a canonical degeneration of the moduli space of regular singular connections of full dimensional type. So we use the Hukuhara-Turrittin invariants as a formal data. In fact we paraphrase the Hukuhara-Turrittin invariants of the ramified irregular singular connections to a certain data obtained by restriction of the connection to a divisor on the curve. A key idea is to introduce a data of filtration on the restriction of the underlying bundle to the divisor of poles. The idea of considering this filtration is similar to that in [8] . Once the formulation of the objects representing ramified connections are established, a construction of the moduli space becomes a standard task. For the construction of the moduli space, we use a locally closed embedding of the moduli space to the moduli space of parabolic Λ 1 D -triples constructed in [11] , which is essentially obtained by a similar method to the GIT construction of the moduli space of vector bundles which uses the Quot-scheme. The basic idea of the moduli space construction was inspired by Simpson's works in [18] and [19] . The smoothness and the dimension counting of the moduli space follow from a standard deformation theory. We can construct a canonical two form on the moduli space and we can prove its d-closedness and non-degeneracy in the case of generic exponent by construction of deformations of the moduli space to the moduli spaces of unramified connections and regular singular connections.
Formal data of a ramified connection and its paraphrase
In this section we first recall elementary properties of formal connections of ramified type. Consider the formal power series ring C [[z] ] and denote by C((z)) its quotient field. We say that (W, ∇) is a formal connection over
]-module of finite rank and ∇ : 
Here ν i − ν j / ∈ Z dw w unless ν i = ν j and ν 1 , . . . , ν s mod Z dw w are invariants of (W, ∇). We say that ν 1 , . . . , ν s are generalized eigenvalues of ∇ or exponents of ∇. In general, a ramified cover w → w l = z is necessary for obtaining the invariants ν 1 , . . . , ν s . If we can take ν 1 , . . . , ν s for w = z, then we say that ∇ is unramified.
, for some morphism ∇ Q , then ker q has a connection compatible with ∇ ν . So giving a connection
and assume that ν is so generic that the wdw
is the induced surjection, then the diagram
) is preserved by multiplyingν and the wdw w mr−r+1 -coefficient of ν is non-zero, we can see
] is in fact an isomorphism.
In this paper we do not treat connections with coker(π| W ) = Q non-trivial. We mainly treat connections with coker(π| W ) = 0 and we will say such type of connection a generic ramified type. A precise definition of connections of generic ramified type is given in Definition 2.1. As in the former studies [3] , [8] , [9] , treatment of the formal data seems to make it hard to construct a global moduli space of ramified connections. In this paper, we will rather give up fixing a formal connection itself in the construction of the global moduli space of ramified connections. In fact we will paraphrase the formal data to another data obtained by restriction of the connection to a finite subscheme.
First we consider a formal connection (W, ∇) of rank r over C [[z] ] such that there is a surjection
] is isomorphic and the diagram
We want to recover (W, ∇) from the restriction of (W, ∇) 
] is induced and the commutative diagram
In the construction of the global moduli space of ramified connections in section 2, we regard
is the contribution of fixing formal data. Theorem 3.1 implies that this method is appropriate from the viewpoint of getting the expected dimension of the global moduli space. We prepare several notations
By the next proposition, we can say that π,ν + k dw w
indeed recover the formal data in the case of sufficiently generic exponent ν. 
be a quotient free C[w]/(w mr−r+1 ) module of rank one for k = 0, . . . , r − 1 with w r = z such that the diagrams
Proof. Since the wdw w mr−r+1 -coefficient of µ 0 is not zero, the restriction
) and we write L 0 = C[w]/(w mr−r+1 ). We consider the homomorphism
where σ r is a generator of Gal(C((w))/C((z))), the action σ
Here ζ r is a primitive r-th root of unity. Since ̟ 0 | V0 is surjective, we can take an element e 
whose length is
If there is a subbundle 0
Since wdw w mr−r+1 -coefficient of µ 0 is non-zero and µ 0 ̟ 0 (U ) ⊂ ̟ 0 (U )· dw w mr−r+1 , we can give an element u ∈ U such that ord(̟ 0 (u)) = ord(̟ 0 (v 1 ))+1. So we have ord(̟ 0 (v 2 )) = ord(̟ 0 (v 1 )) + 1 and ord(̟ 0 (v j )) = ord(̟ 0 (v j−1 )) + 1 for any i. Then we have ord(̟ 0 (v s )) = r − 1 and we can take an element u ′ ∈ U such that ord(̟ 0 (u ′ )) = r. Since U is a free C[z]/(z m )-module, we can take an elementũ ′ ∈ U such that zũ ′ = u ′ and so ord(̟ 0 (ũ ′ )) = 0. Thus we have U = W ⊗ C[z]/(z m ) and (W, ∇) is formally irreducible in particular. By Hukuhara-Turrittin theorem, W ⊗ C((w)) decomposes to r eigen-spaces. Take an eigen-
, we have
So there is some k with w mr−2r+1 σ
Replacing ν by its some Galois transform, we may assume that ν ≡ µ 0 (mod w mr−2r+2 ). In particular, the wdw w mr−r+1 -coefficient of ν is not zero. There is a quotient eigen space π :
We take a basis e 0 , . . . , e r−1 of W such that π(e k ) = w k . If we put λ := Tr(ν ′ ) r , then we have
So we can see that e k , e k+1 , . . . , e r−1 are generators of
, we may assume that ̟ 0 (e 0 ) = 1. Furthermore, we can take isomorphisms
where the right vertical arrows are canonical homomorphisms. So we write
So we have ̟ 0 (e 1 ) ≡ w (mod w 2 ), because a 1 ≡ 0 (mod z). Note that
implies that
So we have
(mod w j+2 ) for j = 0, . . . , r − 2 by the equality
Looking at the equation (1) again, we can see ̟ 0 (e 1 ) ≡ w (mod w 3 ). Inductively, we can see
) by the equation (3) . Repeating this argument, we have ̟ 0 (e j ) ≡ w j (mod w mr−2r+1+j ) for j = 1, . . . , r − 1 by the same equalities. So we have
. . , r − 1. We will prove the following claim.
). So we assume r ≥ 3. Note that we have
Applying ̟ k , we have
So we have the equalities
) and
we have
and
Considering the order of the terms in (4) again, we obtain
Note that this argument is valid only for r ≥ 3. Repeating this argument, we have
By the same argument we have
On the other hand, we have ̟ r−2 (ze 0 ) = z ⊗ ̟ 0 (e 0 ) = z = w r . So we have
Repeating this argument, we get ̟ 0 (e 1 ) ≡ w (mod w mr−r ). We also have ̟ k (e k ) = w k (mod w mr−r−1+k ). Thus we have proved the claim.
We have
So we can write µ 0 − ν ′ = c dw w for some c ∈ C. Then we have
On the other hand, we have
Definition and construction of the moduli space of parabolic connections of generic ramified type
Let C be a smooth projective irreducible curve over Spec C of genus g and D = n i=1 m i t i be an effective divisor on C with m i ≥ 1 for any i. Take integers r, a, (r 
We denote by O miti the structure sheaf of the effective divisor m i t i which is considered to be a closed subscheme of C. So we have
is said to be a parabolic connection of generic ramified type with the exponent ν if (1) E is an algebraic vector bundle on C of rank r and degree a,
are surjective and the diagrams
is a parabolic connection of generic ramified type, the composite φ
coincides with the canonical homomorphism from its definition.
Definition 2.2. Take a tuple of rational numbers α = (α
for any i and α
j,k }) of generic ramified type is said to be α-stable (resp. α-semistable) if the inequality
is α-stable, we can see that there are only scalar endomorphisms u : (w
(E, ∇) is formally irreducible at t i by the proof of Proposition 1.2 and so a parabolic connection (E, ∇, {l
j,k }) of generic ramified type with the exponent ν is α-stable with respect to any weight α in this case.
We will give the definition of the moduli functor of parabolic connections of generic ramified type in order to make the meaning of the moduli clear.
, a) to the category (Sets) of sets by setting
, where (1) E is a vector bundle on C × S of rank r and deg(E| C×s ) = a for any point s ∈ S, (2)
is commutative and p
are commutative, (7) for any geometric point Spec K −→ S, the fiber (E, ∇, {l
Here (E, ∇, {l
⊗ P for any i, j and for the induced isomorphism 
for a noetherian scheme S over Spec C, where (1) E is a vector bundle on C × S of rank r and deg(E| C×{s} ) = a for any s ∈ S, (2) ∇ :
for any s ∈ S and
for any geometric point s of S and for any non-trivial subbundle 0 = F E| C×s satisfying
there are a line bundle P on S and an isomorphism θ :
⊗ P for any i, j. By a similar argument to that of [13] , Theorem 2.1, we can realize a coarse moduli scheme X of X as a locally closed subscheme of the moduli space of stable parabolic Λ 1 D -triples constructed in [11] , Theorem 5.1. So X is quasi-projective and there is a universal family (Ẽ,∇, {l
for a noetherian scheme S over X ′ , where
We can see that Y can be represented by a locally closed subscheme Y of a product of flag schemes over
j,k ) be a universal family over Y . We also take a pull-backν = (ν
, a) such that there are homomorphismsφ 
For the proof of Theorem 3.1, we use the morphism
Here we define Tr(µ) :
Note that M C,D (1, a) is an affine space bundle over the Jacobian variety of C and so it is smooth over N ( (1), a). So it is sufficient to prove the following proposition for the smoothness of
, a) defined above is a smooth morphism.
Proof. Take an Artinian local ring A over C with the maximal ideal m and an ideal I of A satisfying mI = 0. Assume that a commutative diagram
If we put ν = (ν (i) j,k ) :=ν ⊗A/I, then f corresponds to a flat family (E, ∇, {l
of parabolic connections of generic ramified type over A/I with the exponent ν.
Take an affine open covering {U α } of C such that ♯{α|t i ∈ U α } = 1 for any i and ♯{i|t i ∈ U α } ≤ 1 for any α. For each i, we take α with t i ∈ U α . By shrinking U α if necessary, we can take a basis {e
j is generated by {e 
We can easily take a liftL
j +1 )-module of rank one and we can also take a liftφ
k−1 . Then we can writẽ
for some liftη
. We take a liftṼ 
We define a homomorphismπ
is commutative for k = 0, . . . , r 
j,k . Using this basis, we can give a parabolic structure {l
So we obtain a local parabolic connection
If t i / ∈ U α for any i, then we can easily give a local parabolic connection on U α ⊗ A which is a lift of (E, ∇, {l
We set (Ē,∇, {l
j for any i, j and for the induced homomorphism u
for any i, j and for the induced homomorphism v
We define θ αα := id Eα . For α = β, we take a lift θ βα :
We can check that d{u αβγ } = 0 and∇F• 0 ({u αβγ }) = −d{v αβ }. So we can define an element ω(E, ∇, {l
Considering a gluing condition of the local parabolic connections (E α , ∇ α , {l
we can see that the vanishing of the element ω(E, ∇, {l
From the hyper cohomology spectral sequence
Here we have
j for any i, j and for the induced u
j,0 and u
j,0 are homomorphisms induced by u| miti and u ′ | miti , respectively. Then we have π
is α-stable, we have u = c·id for some c ∈ A/m. So Tr(u) = 0 implies c = 0 and u = 0. Thus
In particular we have ω(E, ∇, {l
j,k }) = 0, which means that a parabolic connection (E, ∇, {l
Hence det is a smooth morphism. For the proof of Theorem 3.1, it is sufficient to prove the following proposition.
j,k }) be the parabolic connection of generic ramified type with the exponent ν which corresponds to x. We define the complex F
We will prove that the tangent space
We take an affine open covering {U α } of C as in the proof of Proposition 3.1. Take a lift
Then we have
. We can check that the correspondence v → Φ(v) gives an isomorphism
, we obtain an exact sequence
We can calculate χ(F 1 x ) and χ(F 0 x ) by its definition as follows:
and the result follows.
4. Symplectic form on the moduli space of parabolic connections of generic ramified type for generic exponent
We will give in this section a symplectic form on the moduli space of α-stable parabolic connections of generic ramified type with the exponent ν for generic ν. For this we extend the moduli space to the moduli space of simple parabolic connections which is a non-separated algebraic space.
for a noetherian scheme S over C, where
(1) E is a vector bundle on C × S of rank r and deg(E| C×{s} ) = a for any s ∈ S, (2) ∇ :
j+1 is a locally free O miti×S -module of rank r (i) j and ∇| miti×S (l
j +1 )-module of rank one and the diagram
are commutative, (7) for any geometric point s of S, End((E, ∇, {l (i) j })| C×s ) consists of only scalar endomorphisms, where End((E, ∇, {l
Here the relation ∼ is the same as that in Definition 2.3.
The next proposition is much easier than the proof of Theorem 2.1. 
becomes a relative connection. We can construct a locally closed subscheme R of a product of flag schemes over V ′ such that
is a filtration,
j ]-homomorphisms such that the conditions (3), (4), (5), (6) and (7) in Definition 4.1 are satisfied 
gives the desired moduli space. Smoothness and the dimension counting follow from the same argument as that of the proof of Theorem 3.1.
We can take a quasi-finiteétale covering U −→ M spl C,D ((r (i) j ), a) ν such that there is a universal family (E, ∇, {l
We can see that the tangent bundle Θ U is isomorphic to
, where π U : C × U −→ U is the second projection. We consider the pairing
We can easily see that ω U descends to a pairing
We can see by an easy calculation that
) is nothing but the obstruction class for the lifting of (
).
Theorem 4.1. Take ν = (ν
, a) and write
We assume that c
is non-degenerate.
Proof. We take a regular parameter z i of O C,ti as a function on an affine open neighborhood U i of t i . We may assume that t j / ∈ U i for j = i. We choose (κ i,0 , . . . , κ i,mi−1 ) ∈ C mi satisfying κ i,0 = 0 and κ i,q = κ i,q ′ for q = q 
Note that
j -th root of unity and x 0 is the closed point of T corresponding to h = 0 and t = 0. We put
If we take some quasi-finite morphism T ′ −→ T with T ′ normal, we may assume that there are
+ a i,q . Replacing T ′ by its shrinking, we may assume that ( †)
o −→ (Sets) from the category of noetherian schemes (Sch/T ′ ) over T ′ to the category of sets by
(1) E is a vector bundle on C × S of rank r and deg(E| C×s ) = a for any s ∈ S, (2) ∇ :
j+1 is a locally free O (Di)S -module of rank r are commutative, (7) for any point s ∈ S, (E, ∇, {l (i) j }) ⊗ k(s) has only scalar endomorphisms.
j,k }) if there are a line bundle P on S and isomorphisms θ :
⊗ P for any i, j and for the induced isomorphism θ We can see that M (λ) is an affine space bundle over the relative Jacobian of C × T ′ over T ′ and it is smooth over T ′ . We can define a morphism det : M spl ν −→ M (λ) by (E, ∇) → det(E, ∇) and we can prove by the similar argument to that of Proposition 3.1 that this is a smooth morphism. So M spl ν is smooth over T ′ . We take a universal family (Ẽ,∇, {l 
